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ENERGY DECAY RATES FOR SOLUTIONS OF THE WAVE
EQUATIONS WITH NONLINEAR DAMPING IN EXTERIOR DOMAIN
M. DAOULATLI
Abstract. In this paper we study the behaviors of the energy of solutions of the wave
equations with localized nonlinear damping in exterior domains.
1. Introduction and Statement of the results
Let O be a compact domain of Rd (d ≥ 1) with C∞ boundary Γ and Ω = Rd\O. Consider
the following wave equation with localized nonlinear damping

∂2t u−∆u+ a (x) |∂tu|r−1 ∂tu = 0 in R+ × Ω,
u = 0 on R+ × Γ,
u (0, x) = u0 and ∂tu (0, x) = u1,
(1.1)
here ∆ denotes the Laplace operator in the space variables. a (x) is a nonnegative function
in L∞ (Ω). Throughout this paper we assume that 1 < r ≤ 1 + 2d . Below r0 > 0 is a fixed
constant such that O ⊂ Bro = {x ∈ Rd; |x| < r0}.
The existence and uniqueness of global solutions to the problem (1.1) is standard (see [13]).
If (u0, u1) is in H
1
0 (Ω) ∩H2 (Ω)×H10 (Ω), then the system (1.1), admits a unique solution u
in the class
u ∈ C0 (R+,H10 (Ω) ∩H2 (Ω)) ∩ C1 (R+,H10 (Ω)) .
Let us consider the energy at instant t defined by
Eu (t) =
1
2
∫
Ω
(
|∇u (t, x)|2 + |∂tu (t, x)|2
)
dx.
The energy functional satisfies the following identity
Eu (T ) +
∫ T
0
∫
Ω
a (x) |∂tu|r+1 dxdt = Eu (0) , (1.2)
for every T ≥ 0. Moreover we have
‖∇∂tu‖2L∞(R+,L2(Ω)) +
∥∥∂2t u∥∥2L∞(R+,L2(Ω))
≤ 2 (1 + ‖a‖L∞)
(
‖u0‖2H2 + ‖u1‖2H1 + ‖u1‖2rH1
)
.
(1.3)
Now we give a summary of results on the asymptotic behavior of the energy of solutions of
the nonlinear system (1.1) in the free space Rd and for a globally distributed damping. For
the Klein Gordon equation a polynomial decay rate is derived by Nakao [16] for compactly
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supported initial data and by Mochizuki and Motai [15] for weighted initial data. More
precisely they show that if 1 < r < 1 + 2d the energy decays according to
Eu (t) ≤ C (1 + t)−γ ,
where γ < min
(
1, 2+d−drr−1
)
. If r > 1+ 2d , Mochizuki and Motai [15] establishes a complemen-
tary non-decay result for a dense set of initial data in H1
(
R
d
)× L2 (Rd) .
For the wave equation we first quote the result of Ono [19], in which the author consider
the wave equation with a damping term equal to ∂tu+ g (∂tu) where g superlinear and has a
polynomial growth. He showed the polynomial decay of the energy. We note that in this case
the L2 norm of the time derivative on R+×Rd of the solution is bounded by the energy of the
initial data. Mochizuki and Motai in [15] obtained a logarithmic decay rate when 1 < r ≤ 1+ 2d
and for a kind of weighted initial data. The corresponding non-decay result in [15] requires
r > 1+ 2d−1 . Todorova and Yordanov in [23] showed that for compactly supported initial data
there exists a positive constant τ such that Eu (t) ≤ C (1 + t)−τ , when 1 < r ≤ 1 + 2d+1 and
d ≥ 3. The main idea in this paper is to use the “parabolic” effects coming from the presence
of the damping term. Recently, Wakasa and Yordanov in [24] studied the energy decay for
dissipative nonlinear wave equations in one space dimension. They established polynomial
decay estimates for the energy for compactly supported initial data. More explicetly they
show that Eu (t) ≤ C (1 + t)−τ , when 1 < r < 3 with τ < min
(
1
2 ,
3−r
r−1
)
.
In the case of exterior domain we mention the result of Nakao and Jung [18] which con-
sider a dissipation which is allowed to be nonlinear only in a ball, but outside that ball the
dissipation must be linear. For the generalized Klein Gordon equation we quote the result of
Nakao [17].
For another type of total energy decay property we refer the reader to [10, 11, 21, 1, 20, 9]
and references therein.
Before introducing our results we shall state several assumptions:
Hyp A: There exists L > r0 such that
a (x) ≥ ǫ0 > 0 for |x| ≥ L.
Definition 1. Let ω be an open set of Ω.
(1) (ω, T ) geometrically controls Ω, i.e. every generalized geodesic travelling with speed 1
and issued at t = 0, enters the set ω in a time t < T .
(2) We say that ω satisfies GCC if there exists T > 0 such that (ω, T ) geometrically
controls Ω.
This condition is called Geometric Control Condition (see e.g.[2] ). We shall relate the
open subset ω with the damper a by
ω ⊂ {x ∈ Ω; a (x) > ǫ0 > 0} .
We note that according to [2] and [3] the Geometric Control Condition of Bardos et al is a
necessary and sufficient condition for the exponential decay of solutions of the wave equation
in bounded domain.
In this paper, we deal with real solutions, the general case can be treated in the same way.
Throughout this paper we use the following notations
q (x) =
(
1 + |x|2
) 1
2
, for x ∈ Ω.
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and
p =
{
2 (r + 1) if d ≤ 3
2d
d−2 if d ≥ 4.
Now we state the results of this paper.
Theorem 1. We assume that Hyp A holds and ω satisfies GCC. Let
γ > 0 if 1 < r < 1 + 2d
0 < γ < 2r−1 if r = 1 +
2
d .
Then there exists C0 > 0 such that the following estimate
Eu (t) ≤ C0 (ln (2 + t))−γ I0, for all t ≥ 0,
holds for every solution u of (1.1) with initial data (u0, u1) in H
1
0 (Ω)∩H2 (Ω)×H10 (Ω), such
that ∥∥∥(ln (1 + q)) γ2 ∇u0∥∥∥2
L2
+
∥∥∥(ln (1 + q))γ2 u1∥∥∥2
L2
< +∞,
where
I0 = ‖u0‖2H2 + ‖u1‖2H1 + ‖u1‖2rH1 + ‖u0‖r+1Lr+1 +
∥∥∥(ln (1 + q)) γ2 ∇u0∥∥∥2
L2
+
∥∥∥(ln (1 + q)) γ2 u1∥∥∥2
L2
+
(
‖u0‖2H2 + ‖u1‖2H1 + ‖u1‖2rH1
) p
2
+ 1.
In the result above we see that when 1 < r < 1 + 2d , we can take any γ > 0, so we expect
that we can obtain a rate of decay of the energy for a weight with a polynomial growth.
Theorem 2. We assume that Hyp A holds and ω satisfies GCC. We suppose that 1 < r <
1 + 2d . We set
τ (r, λ) =
rδr−10 (λ+1)
r−1(r+1)r
1+δr−10 (λ+1)
r−1(r+1)r
(
rδ
r−1
r
0 (λ+1)(r+1)+1
) ,
λ any positive constant and
δ0 = (λ+ 1)
r2
r2−1 (r + 1)−
r
r−1 .
We take
γ < min
(
τ (r, λ) , d+2−drr−1 ,
p−2r
r−1
)
,
and
α (r, λ) =
rδ
r2−1
r
0 (1+λ)
r(r+1)r+1+1
δr0(r−τ)(1+λ)
r(r+1)r+1
.
Then there exists C1 > 0 such that the following estimate
Eu (t) ≤ C1 (1 + αt)−γ I1, for all t ≥ 0,
holds for every solution u of (1.1) with initial data (u0, u1) in H
1
0 (Ω)∩H2 (Ω)×H10 (Ω), such
that ∥∥∥(1 + αq) γ2 ∇u0∥∥∥2
L2
+
∥∥∥(1 + αq)γ2 u1∥∥∥2
L2
< +∞,
where
I1 = ‖u0‖2H2 + ‖u1‖2H1 + ‖u1‖2rH1 + ‖u0‖r+1Lr+1 +
∥∥∥(1 + αq)γ2 ∇u0∥∥∥2
L2
+
∥∥∥(1 + αq)γ2 u1∥∥∥2
L2
+
(
‖u0‖2H2 + ‖u1‖2H1 + ‖u1‖2rH1
) p
2
+ 1.
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Remark 1. (1) We note that for a fixed r, the best value of τ (r, λ) is obtained when λ
goes to zero. In addition the function r 7−→ τ (r, 0) = rr+2 is increasing on (1, 3],
and lim
r→1
τ (r, 0) =
1
3
.
This fact is natural, since the value of τ is essentially linked to the fact that∫ ∞
0
∫
Ω
a (x) (1 + α (q (x) + t))γ−r−1 |u (t, x)|r+1 dx
is finite and we cannot expect to obtain a better value of τ when r decrease.
(2) The best rate of decay is obtained, when we take
γ < min
(
r
r + 2
,
d+ 2− dr
r − 1 ,
p− 2r
r − 1
)
.
(3) We remark that the function r 7−→ α (r, 0) is decreasing on (1, 3], lim
r→1
α (r, 0) = ∞
and α (3, 0) ≥ 103 .
The case of initial data with compact support
Theorem 3. We assume that Hyp A holds and ω satisfies GCC. We suppose that 1 < r <
1 + 2d . We set
τ1 (r, λ) =
2rδr−10 (λ+1)
r−1(r+1)r
1+δr−10 (λ+1)
r−1(r+1)r
(
rδ
r−1
r
0 (λ+1)(r+1)+2
) ,
λ any positive constant and
δ0 = (λ+ 1)
r2
r2−1 (r + 1)−
r
r−1 .
We take
γ < min
(
τ1 (r, λ) ,
d+2−dr
r−1 ,
p−2r
r−1
)
,
and
α (r, λ) =
rδ
r2−1
r
0 (1+λ)
r(r+1)r+1+1
δr0(r−τ1)(1+λ)
r(r+1)r+1
.
Then there exists C1 > 0 such that the following estimate
Eu (t) ≤ C1
(
R
R+ αt
)γ
I2, for all t ≥ 0,
holds for every solution u of (1.1) with initial data (u0, u1) in H
1
0 (Ω)∩H2 (Ω)×H10 (Ω) such
that the support of the initial data is contained in BR, where
I2 = ‖u0‖2H2 + ‖u1‖2H1 + ‖u1‖2rH1 + ‖u0‖r+1Lr+1
+
(
‖u0‖2H2 + ‖u1‖2H1 + ‖u1‖2rH1
) p
2
+ 1.
Remark 2. (1) Our results are also valid for the case Ω = Rd, d ≥ 3, where the boundary
condition is dropped.
(2) We note that for a fixed r, the best value of τ1 (r, λ) is obtained when λ goes to zero.
In addition the function r 7−→ τ1 (r, 0) = 2rr+3 is increasing on (1, 3],
and lim
r→1
τ1 (r, 0) =
1
2
.
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This fact is natural, since the value of τ1 is essentially linked to the fact that∫ ∞
0
∫
Ω
a (x) (R+ αt)γ−r−1 |u (t, x)|r+1 dx
is finite, which depends on the behavior of∫
Ω
a (x) |u (t, x)|r+1 dx,
therefore we cannot expect to obtain a better value of τ1 when r decrease.
(3) The best rate of decay is obtained, when we take
γ < min
(
2r
r + 3
,
d+ 2− dr
r − 1 ,
p− 2r
r − 1
)
.
When d = 1, we obtain that
1/2 < γ < 2rr+3 if 1 < r ≤ 23
√
7 + 13
γ < 3−rr−1 if
2
3
√
7 + 13 < r < 3.
Our decay rates is better or equal than the one obtained by Wakasa and Yordanov in
[24].
(4) We remark that the function r 7−→ α (r, 0) is decreasing on (1, 3], lim
r→1
α (r, 0) = ∞
and α (3, 0) ≥ 18. In addition we have
α (r, λ) ≥ α (r, 0) , for all (r, λ) ∈ (1, 3] × R∗+,
so the case r = 1 cannot be obtained by letting r goes to 1.
The main difficulty in establishing such results is the lack of control of the L2 norm of
the solution. This is an essential difference with the equation in a bounded domain or the
Klein-Gordon equation or in the case of unbounded domain with finite measure [4]. The
other difficulties is that the L2 norm of the time derivative on R+ × Ω is not controlled by
the initial energy and the fact that the domain is with infinite measure.
To prove our results it is sufficient to show the integrability of ϕ′Eu over (0,∞). For
this purpose we show an estimate on a functional X(t) which control the weighted energy
functional (see for example [7] and [8] for similar idea). Also we prove a weighted observability
estimate for the local energy of solutions the wave equation with external force.
The rest of the paper is organized as follows. In section 2 we present some results on
the weighted energy and we give a weighted observability estimate for the local energy. The
section 3 is devoted to the proof of theorem 1 and in section 4 we give the proof of theorem
2. In the last section we give the needed results to show the theorem 3.
2. Weighted observability estimate
The next result concern the weighted energy estimate for solutions of (1.1) with initial
data with finite weighted energy.
Proposition 1. Let ϕ be a positive function in C2 (R+) such that ϕ
′ and ϕ′′ are in L∞ (R+) .
Let u be a solution of (1.1) with initial data (u0, u1) in H
1
0 (Ω) ∩H2 (Ω)×H10 (Ω) . We set
Eϕ (u) (t) =
1
2
∫
Ω
ϕ (ηq (x) + αt)
(
|∇u|2 + |∂tu|2
)
dx. (2.1)
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If Eϕ (u) (0) <∞, then
√
ϕ∇u ∈ L∞loc
(
R+,
(
L2 (Ω)
)d)
and
√
ϕ∂tu ∈ L∞loc
(
R+, L
2 (Ω)
)
. (2.2)
Moreover, we have
Eϕ (u) (t+ T ) +
∫ t+T
t
∫
Ω
a (x)ϕ (s, x) |∂tu|r+1 dxds
≤ Eϕ (u) (t) + α+η2
∫ t+T
t
∫
Ω
|ϕ′ (s, x)|
(
|∇u (s)|2 + |∂tu (s)|2
)
dxds.
(2.3)
for every t ≥ 0 and T ≥ 0, where ϕ(j) (t, x) = ϕ(j) (ηq (x) + αt) , for j = 0, 1, 2 and α, η ≥ 0.
Proof. The first step is to show (2.2) . Let n ∈ N∗. We define
gn (s) = g ◦
(
I + n−1g
)−1
(s) = n
(
s− (I + n−1g)−1 (s)) ,
the Yosida approximation of g : s 7−→ |s|r−1 s. gn is monotone increasing, globally Lipschitz
and gn (0) = 0. Let w be the solution of the following system

∂2t w −∆w + a (x) (1 + ϕ)
1
2 gn
(
(1 + ϕ)−
1
2 ∂tw + h (t, x)
)
= f (t, x) R+ × Ω
w = 0 R+ × ∂Ω
(w (0) , ∂tw (0)) = (w0, w1) ∈ HD (Ω)× L2 (Ω)
(2.4)
with f ∈ L2loc
(
R+, L
2 (Ω)
)
and (1 + ϕ)
1
2 h ∈ L2loc
(
R+, L
2 (Ω)
)
, where HD (Ω) the completion
of C∞c (Ω) with respect to the norm
‖ϕ0‖2HD =
∫
Ω
|∇ϕ0|2 dx.
gn is a global Lipschitz. function, therefore
a (x) (1 + ϕ)
1
2 gn
(
(1 + ϕ)−
1
2 ∂tw + h
)
∈ L2loc
(
R+, L
2 (Ω)
)
.
Using the fact that the function f ∈ L2loc
(
R+, L
2 (Ω)
)
, we infer that the unique solution of
(2.4)
w ∈ C (R+,HD (Ω)) and ∂tw ∈ C
(
R+, L
2 (Ω)
)
,
and the following energy identity
Ew (t) +
∫ t
0
∫
Ω
a (x) (1 + ϕ)
1
2 gn
(
(1 + ϕ)−
1
2 ∂tw + h (s, x)
)
∂twdxds
= Ew (0) +
∫ t
0
∫
Ω
f (s, x) ∂twdxds (2.5)
holds for every t ≥ 0.
Let un be the solution of the following system

∂2t un −∆un + a (x) gn (∂tun) = 0 R+ ×Ω
un = 0 R+ × ∂Ω
(un (0) , ∂tun (0)) = (u0, u1)
(2.6)
with (u0, u1) in H
1
0 (Ω) ∩H2 (Ω)×H10 (Ω) such that∫
Ω
ϕ (ηq (x))
(
|∇u0|2 + |u1|2
)
dx <∞. (2.7)
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The function gn is globally Lipschitz., hence
un ∈ L∞
(
[0, T ] ,H10 (Ω) ∩H2 (Ω)
) ∩W 1,∞ ([0, T ] ,H10 (Ω)) ,
moreover we have the following energy identity
Eun (t) +
∫ t
0
∫
Ω
a (x) gn (∂tun) ∂tundxds = Eun (0) . (2.8)
In addition we have
‖∆un‖2L∞(R+,L2(Ω)) + ‖∇∂tun‖
2
L∞(R+,L2(Ω))
+
∥∥∂2t un∥∥2L∞(R+,L2(Ω))
≤ 2 (1 + ‖a‖L∞)
(
‖u0‖2H2 + ‖u1‖2H1
)
.
(2.9)
From (2.8) and (2.9) , we infer that there exists u and ψ in L
r+1
r ((0, T )× Ω, a) such that
un −→
n→+∞
u in the weak star topology of L∞
(
[0, T ] ,H10 (Ω) ∩H2 (Ω)
)
∂tun −→
n→+∞
∂tu in the weak star topology of L
∞
(
[0, T ] ,H10 (Ω)
)
(
I + n−1g
)−1
(∂tun) −→
n→+∞
∂tu in the weak topology of L
r+1 ((0, T )× Ω, a)
gn (∂tun) −→
n→+∞
ψ in the weak topology of L
r+1
r ((0, T )× Ω, a) ,
(2.10)
where
Lr+1 ((0, T )× Ω, a) =
{
κ such that
∫ T
0
∫
Ω
|κ (s, x)|r+1 a (x) dxds <∞
}
.
To show that, ψ = g (∂tu) , we proceed as in [13, P55-56]. By a classical compactness ar-
gument, we can show that there exists a subsequence of (un) still denoted by (un) , such
that
∂tun −→
n→+∞
∂tu strongly in L
2 (K) , (2.11)
for a given compact subset K of (0, T )× Ω. Therefore we can assume that
∂tun −→
n→+∞
∂tu, a.e. in K. (2.12)
Since the function s 7−→ (I + n−1g)−1 (s) , is non-expansive on R, we obtain(
I + n−1g
)−1
(∂tun) −→
n→+∞
∂tu, a.e. in K.
Hence
gn (∂tun) −→
n→+∞
g (∂tu) , a.e. in K.
This enough to gives ψ = g (∂tu) . Therefore u is a solution of (1.1) with initial data in
H10 (Ω) ∩H2 (Ω)×H10 (Ω) such that∫
Ω
ϕ (ηq (x))
(
|∇u0|2 + |u1|2
)
dx <∞.
We set vn = (1 + ϕ)
1
2 un. Therefore vn satisfies

∂2t vn −∆vn + a (x) (1 + ϕ)
1
2 gn
(
(1 + ϕ)−
1
2 ∂tvn + hn (t, x)
)
= f (t, x) R+ × Ω
vn = 0 R+ × ∂Ω
(vn (0) , ∂tvn (0)) = (v0, v1)
(2.13)
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with
(v0, v1) =
(
(1 + ϕ (ηq (x)))
1
2 u0,
1
2 (1 + ϕ (ηq (x)))
− 1
2 ϕ′ (ηq (x)) ηu0 + (1 + ϕ (ηq (x)))
1
2 u1
)
hn = −α2 (1 + ϕ)−1 ϕ′un
and
f = 12 (1 + ϕ)
− 1
2
[
η2
(
ϕ′′ − 12 (ϕ′)2 (1 + ϕ)−1
)
|x|2
q2
+ η
(
d
q − |x|
2
q3
)
ϕ′
]
un
+α
2
2 (1 + ϕ)
− 1
2
[
ϕ′′ − 12 (ϕ′)2 (1 + ϕ)−1
]
un + ϕ
′ (1 + ϕ)−
1
2
(
α∂tun + η
x·∇un
q
)
.
Hence, recalling (2.7), ϕ′ ∈ L∞ (R+) and ϕ′′ ∈ L∞ (R+)
(v0, v1) ∈ HD (Ω)× L2 (Ω)
(1 + ϕ)
1
2 hn ∈ L2loc
(
R+, L
2 (Ω)
)
f ∈ L2loc
(
R+, L
2 (Ω)
)
.
Therefore using (2.5) along with
(1 + ϕ)−
1
2 ∂tvn − α
2
(1 + ϕ)−1 ϕ′un = ∂tun,
and making some arrangement, we deduce that
Evn (t) +
∫ t
0
∫
Ω
a (x) (1 + ϕ) gn (∂tun) ∂tundxds
= Evn (0) +
∫ t
0
∫
Ω
(1 + ϕ)
1
2 f (s, x) ∂tundxds+
α
2
∫ t
0
∫
Ω
(1 + ϕ)−
1
2 f (s, x)ϕ′undxds
−α2
∫ t
0
∫
Ω
a (x)ϕ′gn (∂tun)undxds.
(2.14)
On the other hand, since ϕ′ ∈ L∞ (R+) and ϕ′′ ∈ L∞ (R+) then there exists a positive
constant C = C (ϕ) such that∣∣∣∣
∫ t
0
∫
Ω
(1 + ϕ)
1
2 f (s, x) ∂tundxds
∣∣∣∣ ≤ C
∫ t
0
∫
Ω
|un|2 + |∂tun|2 + |∇un|2 dxds,∣∣∣∣α2
∫ t
0
∫
Ω
(1 + ϕ)−
1
2 f (s, x)ϕ′undxds
∣∣∣∣ ≤ C
∫ t
0
∫
Ω
|un|2 + |∂tun|2 + |∇un|2 dxds.
To estimate the last term of the RHS of (2.14) , we use Young’s inequality along with the
fact that g(s) = |s|r−1 s∣∣∣∣α2
∫ t
0
∫
Ω
a (x)ϕ′gn (∂tun)undxds
∣∣∣∣ ≤ C
∫ t
0
∫
Ω
a (x) |un|r+1+a (x)
∣∣∣(I + n−1g)−1 (∂tun)∣∣∣r+1 dxds.
Now using (2.8) and the fact that
gn (∂tun) ∂tun ≥
∣∣∣(I + n−1g)−1 (∂tun)∣∣∣r+1 , (2.15)
we infer that ∫ t
0
∫
Ω
a (x)
∣∣∣(I + n−1g)−1 (∂tun)∣∣∣r+1 dxds ≤ Eun (0) ,
and ∫ t
0
∫
Ω
|∂tun|2 + |∇un|2 dxds ≤ (1 + t)Eun (0) .
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We have ∫
Ω
|un (s)|2 dx ≤ C (1 + s)
(
Eun (0) + ‖u0‖2L2
)
and∫
Ω
|un (s)|r+1 dx ≤ C (1 + s)
r+1
2
(
Eun (0) + ‖u0‖2L2
) r+1
2
.
(2.16)
Therefore ∫ t
0
∫
Ω
|un|2 dxds ≤ C (1 + t)2
(
Eun (0) + ‖u0‖2L2
)
,∫ t
0
∫
Ω
|un|r+1 dxds ≤ C (1 + t)
r+3
2
(
Eun (0) + ‖u0‖2L2
) r+1
2
.
Combining the estimates above with (2.14) , we obtain
Evn (t) +
∫ t
0
∫
Ω
a (x) (1 + ϕ) gn (∂tun) ∂tundxds
≤ C (1 + t)3
(
Evn (0) + Eun (0) +
(
Eun (0) + ‖u0‖2L2
) r+1
2
+ ‖u0‖2L2
)
.
(2.17)
It is easy to see that
Eϕ (un) (t) ≤ 2Evn (t) + C ‖un (t)‖2L2 .
Therefore combining the estimate above with (2.17) and (2.16) we obtain
Eϕ (un) (t) +
∫ t
0
∫
Ω
a (x) (1 + ϕ) gn (∂tun) ∂tundxds
≤ C (1 + t)2
(
Eϕ (un) (0) + ‖u0‖2L2 + Eun (0) +
(
Eun (0) + ‖u0‖2L2
) r+1
2
)
.
(2.18)
Note that in the estimate above we have used the fact that
Evn (0) ≤ Eϕ (un) (0) + ‖u0‖2L2 .
Now using (2.18) and (2.15) , we infer that
√
1 + ϕ∂xiun −→n→+∞ ψi in the weak star topology of L
∞
(
[0, T ] , L2 (Ω)
)
, i ∈ {1, .., d}
√
1 + ϕ∂tun −→
n→+∞
φ1 in the weak star topology of L
∞
(
[0, T ] , L2 (Ω)
)
(a (1 + ϕ))
1
r+1
(
I + n−1g
)−1
(∂tun) −→
n→+∞
φ2 in the weak topology of L
r+1 ((0, T )× Ω) .
Now we show that
ψi =
√
1 + ϕ∂xiu, φ1 =
√
1 + ϕ∂tu and φ2 = (a (1 + ϕ))
1
r+1 ∂tu.
Let K be a compact set of (0, T )× Ω. Using (2.12) , we get√
1 + ϕ∂tun −→
n→+∞
√
1 + ϕ∂tu, a.e. in K,
and using the fact that the function s 7−→ (I + n−1g)−1 (s) , is non-expansive on R, we
obtain
(a (1 + ϕ))
1
r+1
(
I + n−1g
)−1
(∂tun) −→
n→+∞
(a (1 + ϕ))
1
r+1 ∂tu, a.e. in K,
This is enough to imply
φ1 =
√
1 + ϕ∂tu and φ2 = (a (1 + ϕ))
1
r+1 ∂tu.
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From (2.10) and by a classical compactness argument, we can show that there exists a sub-
sequence of (un) still denoted by (un) , such that
∂xiun −→n→+∞ ∂xiu strongly in L
2 (K) .
Therefore extracting a subsequence if necessary
∂xiun −→n→+∞ ∂xiu, a.e. in K,
which gives √
1 + ϕ∂xiun −→n→+∞
√
1 + ϕ∂xiu , a.e. in K.
We conclude that
ψi =
√
1 + ϕ∂xiu, i ∈ {1, .., d} .
Therefore
√
ϕ∇u ∈ L∞loc
(
R+,
(
L2 (Ω)
)d)
and
√
ϕ∂tu ∈ L∞loc
(
R+, L
2 (Ω)
)
. (2.19)
Now we will prove the energy estimate (2.3) . We remind that
u ∈ L∞loc
(
R+,H
1
0 (Ω) ∩H2 (Ω)
) ∩W 1,∞ (R+,H10 (Ω)) ∩W 2,∞ (R+, L2 (Ω)) .
Let R≫ 1 and setting S (R) = ∂BR. It is easy to see that
1
2
d
dt
∫
Ω∩BR
ϕ
(
|∇u (t)|2 + |∂tu (t)|2
)
dx+
∫
Ω∩BR
a (x)ϕ |∂tu (t)|r+1 dx
= α2
∫
Ω∩BR
ϕ′
(
|∇u (t)|2 + |∂tu (t)|2
)
dx+
∫
Ω∩BR
ϕ∇u (t) · ∇∂tu (t) + ϕ∂tu (t) ∂2t u (t) dx
+
∫
Ω∩BR
a (x)ϕ |∂tu (t)|r+1 dx
= α2
∫
Ω∩BR
ϕ′
(
|∇u (t)|2 + |∂tu (t)|2
)
dx+
∫
Ω∩BR
∇u (t) · ∇ (ϕ∂tu (t)) + ϕ∂tu (t) ∂2t u (t) dx
+
∫
Ω∩BR
a (x)ϕ |∂tu (t)|r+1 dx− η
∫
Ω∩BR
ϕ′ x·∇u(t)q(x) ∂tu (t) dx.
Green’s formula along with the fact that u is a solution of (1.1) ,
1
2
d
dt
∫
Ω∩BR
ϕ
(
|∇u (t)|2 + |∂tu (t)|2
)
dx+
∫
Ω∩BR
a (x)ϕ |∂tu (t)|r+1 dx
= α2
∫
Ω∩BR
ϕ′
(
|∇u (t)|2 + |∂tu (t)|2
)
dx− η
∫
Ω∩BR
ϕ′ x·∇u(t)q(x) ∂tu (t) dx+
∫
S(R)
ϕx·∇u(t)R ∂tu (t) dS.
Integrating the estimate above between t and t+ T , we obtain∫
Ω∩BR
ϕ
(
|∇u (t+ T )|2 + |∂tu (t+ T )|2
)
dx+
∫ t+T
t
∫
Ω∩BR
a (x)ϕ |∂tu|r+1 dxds
≤ Eϕ (u) (t) + α2
∫ t+T
t
∫
Ω
|ϕ′|
(
|∇u (s)|2 + |∂tu (s)|2
)
dxds
+η
∫ t+T
t
∫
Ω
∣∣∣ϕ′ x·∇u(s)q(x) ∂tu (s)
∣∣∣ dxds + ∫ t+T
t
∫
S(R)
ϕ
∣∣∣x·∇u(s)R ∂tu (s)∣∣∣ dSds.
(2.20)
Using Young’s inequality∫ t+T
t
∫
S(R)
ϕ
∣∣∣∣x · ∇uR ∂tu
∣∣∣∣ dSdτ ≤ 12
∫ t+T
t
∫
S(R)
(
|∂ru|2 + |∂tu|2
)
ϕdSdτ .
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From (2.19) , we infer that
lim inf
R−→+∞
∫ t+T
t
∫
S(R)
ϕ
∣∣∣∣x · ∇uR ∂tu
∣∣∣∣ dSdτ = 0.
Passing to the limit in (2.20) , we get
Eϕ (u) (t+ T ) +
∫ t+T
t
∫
Ω
a (x)ϕ |∂tu|r+1 dxds ≤ Eϕ (u) (t)
+α2
∫ t+T
t
∫
Ω
|ϕ′|
(
|∇u (s)|2 + |∂tu (s)|2
)
dxds+ η
∫ t+T
t
∫
Ω
∣∣∣ϕ′ x·∇uq(x) ∂tu (s)
∣∣∣ dxds
Young’s inequality, gives
Eϕ (u) (t+ T ) +
∫ t+T
t
∫
Ω
a (x)ϕ |∂tu|r+1 dxds
≤ Eϕ (u) (t) + α+η2
∫ t+T
t
∫
Ω
|ϕ′|
(
|∇u (s)|2 + |∂tu (s)|2
)
dxds.

The proof of our results need a weighted observability estimate for the local energy and to
show such result we need to prove a unique continuation result for the wave equation.
Lemma 1. We assume that Hyp A holds and (ω, T ) geometrically controls Ω. Then the only
solution of the system 

∂2t z −∆z = 0 in (0, T )× Ω,
z = 0 on (0, T )× Γ,
a (x) ∂tz = 0 on (0, T )× Ω,
(2.21)
in the class
C0 ([0, T ] ;HD (Ω)) ∩ C1
(
[0, T ] ;L2 (Ω)
)
,
is the null one, where HD (Ω) is the completion of C
∞
c (Ω) with respect to the norm
‖ϕ‖2H =
∫
Ω
|∇ϕ (x)|2 dx.
Proof. Let χ ∈ C∞c
(
R
d
)
such that χ = 1 on {|x| ≤ L} and the support of χ is contained in
{|x| ≤ 2L} . First we note that HD (Ω) ⊂ H1loc (Ω) . Let z be a solution of the system (2.21) .
We set w = χz, we observe that

∂2t w −∆w = −2∇χ∇z − z∆χ in (0, T )× Ω ∩B2L,
w = 0 on (0, T )× Γ ∪ {|x| = 2L} ,
(w0, w1) ∈ H10 (Ω ∩B2L)× L2 (Ω ∩B2L)
a (x) ∂tw = 0 on (0, T )× Ω.
From linear semi-group theory, we infer that
w ∈ C0 ([0, T ] ;H10 (Ω ∩B2L)) ∩ C1 ([0, T ] ;L2 (Ω ∩B2L)) .
We set
vn (t, x) = n
(
w
(
t+
1
n
, x
)
− w (t, x)
)
.
Since
a (x) ≥ ǫ0 > 0 for |x| ≥ L,
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and χ = 1 on {|x| ≤ L} , therefore, vn is a solution of

∂2t vn −∆vn = 0 in (0, T )× Ω ∩B2L
vn = 0 on (0, T ) × Γ ∪ {|x| = 2L}
a (x) ∂tvn = 0 on (0, T ) ×Ω.
We have (ω ∩B2L, T ) geometrically controls Ω ∩B2L and
vn ∈ C0
(
[0, T ] ;H10 (Ω ∩B2L)
) ∩ C1 ([0, T ] ;L2 (Ω ∩B2L)) ,
thus using the observability estimate for the wave equation in bounded domain (see e.g. [6]),
we end up with
Evn (s) = 0, for all s ∈ [0, T ] .
On the other hand,
vn −→
n→+∞
∂tw in D′ ((0, T )× Ω) .
We deduce that ∂tw = 0. Recalling that χ = 1 on {|x| ≤ L} , hence
∂tz (t, x) = 0, on {|x| ≤ L} .
Using a (x) ∂tz = 0 on (0, T )×Ω along with a (x) > ǫ0 > 0 for |x| ≥ L, we infer that ∂tz ≡ 0
on [0, T ]× Ω. This mean that z (t, x) = z (x) is independent of t. Therefore, we have
∆z = 0 and z ∈ HD (Ω) ,
we conclude from this that z ≡ 0 on [0, T ]× Ω. 
In view of the fact that the energy doesn’t control the L2 norm of the solution, we do
not expect to prove an observability estimate for the global energy and this is the essential
difference with the equation in a bounded domain or the Klein-Gordon equation.
We remind that under our assumptions we have the following Poincare´ inequality (see [5]
and [12])
‖f‖L2(Ω∩BR) ≤ CR ‖∇f‖L2(Ω) , for every f ∈ HD (Ω) and R ≥ r0. (2.22)
Next we show a weighted observability estimate for the local energy of solutions of the
system (1.1).
Proposition 2. We assume that Hyp A holds and ω satisfies GCC. Let δ > 0 and R0 ≥ L.
Let ϕ be a positive function in C2 (R+) such that ϕ
′ in L∞ (R+) . We suppose that there exists
a positive constant K such that
sup
R+
∣∣∣∣ϕ′′ (t)ϕ′ (t)
∣∣∣∣ ≤ K.
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Moreover we assume that the function t 7−→
∣∣∣ϕ′(t)ϕ(t)
∣∣∣ is monotone decreasing and lim
t→+∞
∣∣∣ϕ′(t)ϕ(t)
∣∣∣ =
0. There exist T > 0 and CT,δ = C (T, δ,R0) > 0 , such that the following inequality∫ t+T
t
∫
Ω∩BR0
ϕ (q (x) + s)
(
|u|2 + |∇u|2 + |∂tu|2
)
dxds
≤ CT,δ
∫ t+T
t
∫
Ω
a (x)ϕ (q (x) + s) |∂tu|2 dxds
+CT,δ
∫ t+T
t
∫
Ω
ϕ (q (x) + s) |g (s, x)|2 dxds
+CT,δ
∫ t+T
t
∫
Ω
(ϕ′(q(x)+s))2
ϕ(q(x)+s) a (x) |u|2 dxds
+δ
∫ t+T
t
∫
Ω
ϕ (q (x) + s)
(
|∇u|2 + |∂tu|2
)
dxds,
(2.23)
holds for every
g such that
√
ϕg ∈ L2loc
(
R+, L
2 (Ω)
)
,
for all
u ∈ C0 (R+,H10 (Ω)) ∩ C1 (R+, L2 (Ω)) ,
solution of 

∂2t u−∆u = g in R+ × Ω,
u = 0 on R+ × Γ,
u (0, x) = u0 and ∂tu (0, x) = u1,
(2.24)
such that Eϕ (u) (0) <∞.
Proof. Let T > 0 such that (ω, T ) geometrically controls Ω.
To prove this result we argue by contradiction: If (2.23) was false, there would exist a
sequences (tn) , (gn) such that
√
ϕgn ∈ L2loc
(
R+, L
2 (Ω)
)
and a sequence of solutions (un) in
C0
(
R+,H
1
0 (Ω)
) ∩C1 (R+, L2 (Ω)) with Eϕ (un) (0) <∞ and such that∫ tn+T
tn
∫
Ω∩BR0
ϕ (q (x) + s)
(
|un|2 + |∇un|2 + |∂tun|2
)
dxds
≥ n
(∫ tn+T
tn
∫
Ω
a (x)ϕ (q (x) + s) |∂tun|2 dxds
)
+n
∫ tn+T
tn
∫
Ω
ϕ (q (x) + s) |gn (s, x)|2 dxds
+n
(∫ tn+T
tn
∫
Ω
(ϕ′(q(x)+s))2
ϕ(q(x)+s) a (x) |un|2 dxds
)
+δ
∫ tn+T
tn
∫
Ω
ϕ (q (x) + s)
(
|∇un|2 + |∂tun|2
)
dxds.
(2.25)
First case: The sequence (tn) is bounded.
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ϕ is a continuous positive function on R+, therefore for all K > R0 there exist
M > N > 0 such that
N ≤ ϕ (q (x) + tn + s) ≤M, for all (s, x) ∈ [0, T ]×BK . (2.26)
We set
σ2n =
∫ tn+T
tn
∫
Ω∩BR0
(
|un|2 + |∇un|2 + |∂tun|2
)
dxds
and vn (t, x) =
un(tn+t,x)
σn
.
From (2.25) and (2.26), we infer that∫ tn+T
tn
∫
Ω∩BK
(
|∇vn (t)|2 + |∂tvn (t)|2
)
dxdt ≤ Cδ
and
∫ tn+T
tn
∫
Ω∩BR0
|vn (t)|2 dxdt ≤ C,
(2.27)
and ∫ T
0
∫
Ω∩BK
a (x) |∂tvn (s, x)|2 dxds −→
n→+∞
0
1
σ2n
∫ T
0
∫
Ω∩BK
|gn (s+ tn, x)|2 dxds −→
n→+∞
0,
(2.28)
for all K > R0. We note that since the function t 7−→
∣∣∣ϕ′(t)ϕ(t)
∣∣∣ is monotone decreasing
and the the sequence (tn) is bounded, then for all K ≥ L, we have∫ T
0
∫
Ω∩BK
a (x) |vn (s, x)|2 dxds
≤ C
∫ T
0
∫
Ω
(ϕ′(q(x)+tn+t))
2
ϕ(q(x)+tn+t)
a (x) |un (s, x)|2 dxds −→
n→+∞
0.
(2.29)
Then the result above combined with (2.27) , gives∫ T
0
∫
Ω∩BK
(
|vn (t)|2 + |∇vn (t)|2 + |∂tvn (t)|2
)
dxdt ≤ Cδ, for n large enough. (2.30)
We take R1 and R2 such that, R2 > R1 > max (R0, 2L) and let ψ ∈ C∞c
(
R
d
)
such that ψ = 1 on
{
x ∈ Rd, 3L2 ≤ |x| ≤ R1
}
and the support of ψ is contained
in
{
x ∈ Rd, L ≤ |x| ≤ R2
}
. Let 0 < ǫ << 1 and η be a nonnegative function in
C∞c (0, T ) such that
η (s) = 1 for ǫ ≤ s ≤ T − ǫ.
Now we show that∫ T−ǫ
ǫ
∫
Ω∩{ 3L2 ≤|x|≤R1}
|∇vn (s)|2 + |vn (s, x)|2 dxds −→
n→+∞
0. (2.31)
First we note that since the support of ψ is contained in {L ≤ |x| ≤ R2} and a (x) > ǫ0
on {L ≤ |x|} , then using (2.29) we get
ǫ0
∫ T
0
∫
Ω∩{ 3L2 ≤|x|≤R1}
|vn (s, x)|2 dxds ≤
∫ T
0
∫
Ω∩{ 3L2 ≤|x|≤R1}
a (x) |vn (s, x)|2 dxds −→
n→+∞
0.
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We have, vn is a solution of the following system

∂2t vn −∆vn = 1σn gn (t, x) in R+ × Ω,
vn (t, x) = 0 on R+ × Γ,
(vn (0) , ∂tvn (0)) =
1
σn
(un (tn) , ∂tun (tn)) ∈ H10 (Ω)× L2 (Ω) .
(2.32)
We multiply Eq(2.32) by ηψ2vn and integrate over (0, T )× Ω, we obtain∫ T
0
∫
Ω
η (s)ψ2 (x) |∇vn (s)|2 dxds
=
∫ T
0
∫
Ω
η′ (s)ψ2 (x) vn (s) ∂tvn (s) + η (s)ψ
2 (x) |∂tvn (s)|2 dxds
+
∫ T
0
∫
Ω
1
2
η (s)∆ψ2 (x) |vn (s)|2 + 1
σn
η (s)ψ2 (x) gn (s, x) vn (s) dxds.
Using Young’s inequality and the fact that η is in C∞c (0, T ), we infer that there exists
a positive constant c such that∫ T
0
∫
Ω
η (s)ψ2 (x) |∇vn (s)|2 dxds
≤ c
∫ T
0
∫
Ω
ψ2 (x)
(
|∂tvn (s)|2 + |vn (s)|2
)
+
∣∣∆ψ2 (x)∣∣ |vn (s)|2 dxds
+
c
σ2n
∫ T
0
∫
Ω∩BR2
|gn (s+ tn, x)|2 dxds,
therefore ∫ T
0
∫
Ω
η (s)ψ2 (x) |∇vn (s)|2 dxds
≤ c
∫ T
0
∫
Ω∩BR2
a (x) |∂tvn (s)|2 + a (x) |vn (s)|2 dxds
+c
∫ T
0
∫
Ω∩BR2
∣∣∣∣ 1σn gn (tn + s, x)
∣∣∣∣
2
dxds.
Combining the estimate above with (2.28) and (2.29) , we get∫ T−ǫ
ǫ
∫
Ω∩{ 3L2 ≤|x|≤R1}
|∇vn (s)|2 dxds
≤
∫ T
0
∫
Ω
η (s)ψ2 (x) |∇vn (s)|2 dxds −→
n→+∞
0,
we note that in the inequality above we have used the fact that ψ = 1 on
{
x ∈ Rd, 3L2 ≤ |x| ≤ R1
}
and η = 1 on [ǫ, T − ǫ] .
Let χ ∈ C∞c
(
R
d
)
such that χ = 1 on {|x| ≤ R} and the support of χ is contained
in {|x| ≤ R1} with R1 > R > max (R0, 2L) . We set Wn = χvn, then Wn is a solution
of the following system

∂2tWn −∆Wn = −2∇χ∇vn − vn∆χ+ 1σnχgn (t, x) R+ × Ω ∩BR1 ,
Wn = 0 R+ × Γ ∪ {|x| = R1} ,
(Wn (0) , ∂tWn (0)) = χ (vn (0) , ∂tvn (0)) .
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In addition we have
Wn ∈ C
(
(0, T ) , H10 (Ω ∩BR1)
) ∩ C1 ((0, T ) , L2 (Ω ∩BR1)) .
Now we show that
sup
[0,T ]
EWn (s) ≤ CT,δ, for n large enough. (2.33)
First we note that we have the following energy identity
tEWn (t) =
∫ t
0
EWn (s) ds+
∫ t
0
∫
Ω
s
(
−2∇χ∇vn − vn∆χ+ 1σnχgn
)
∂tWndxds
for all 0 ≤ t ≤ T. Then using Young’s inequality and the fact that the support of Wn
is contained in {|x| ≤ R1}, we deduce that
EWn (T )
≤ cT
(∫ T
0
(
EWn (s) + T
∫
Ω∩BR1
∣∣∣−2∇χ∇vn − vn∆χ+ 1σnχgn
∣∣∣2 + |∂tWn|2 dx
)
ds
)
≤ cT
∫ T
0
∫
Ω∩BR1
|∇vn|2 + |∂tvn|2 + |vn|2 +
∣∣∣ 1σnχgn
∣∣∣2 dxds.
Combining the estimate above with (2.28) and (2.30), we obtain
EWn (T ) ≤ CT,δ, for n large enough. (2.34)
On the other hand, we have the following energy identity
EWn (t) = EWn (T ) +
∫ T
t
∫
Ω∩BR1
(
−2∇χ∇vn − vn∆χ+ 1σnχgn
)
∂tWndxds
for all 0 ≤ t ≤ T. Using Young’s inequality and making some arrangement, we deduce
that
EWn (t)
≤ EWn (T ) + c
∫ T
0
∫
Ω∩BR1
∣∣∣−2∇χ∇vn − vn∆χ+ 1σnχgn
∣∣∣2 + |∂tvn|2 dxds,
for all 0 ≤ t ≤ T. The estimate above combined with (2.28) , (2.30) and (2.34) gives
(2.33) .
The next step is to show that∫ T
0
EWn (s) ds −→n→+∞ 0. (2.35)
For ǫ small enough, we have (ω ∩BR1 , T − 2ǫ) geometrically controls Ω ∩ BR1 .
Therefore, using the control theory of the wave equation in bounded domain, we
deduce that the following observability estimate holds
EWn (ǫ)
≤ Cǫ,T
(∫ T−ǫ
ǫ
∫
Ω∩BR1
a (x) |∂tvn|2 +
∣∣∣−2∇χ∇vn − vn∆χ+ 1σnχgn
∣∣∣2 dxds
)
,
(2.36)
(we can show this result using [6].) Recalling
∇χ = 0 on {|x| ≤ 2L} and Suppχ ⊂ {|x| ≤ R1} .
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Hence (2.31) and (2.28) give∫ T−ǫ
ǫ
∫
Ω∩BR1
∣∣∣∣−2∇χ∇vn − vn∆χ+ 1σnχgn
∣∣∣∣
2
dxds −→
n→+∞
0. (2.37)
Combining the estimate above with (2.28) , we get
EWn (ǫ) −→n→+∞ 0, (2.38)
for all ǫ > 0 small enough, such that (ω ∩BR1 , T − 2ǫ) geometrically controls Ω ∩
BR1 . On the other hand the energy estimate for the nonhomogeneous wave equation,
gives
EWn (s)
≤ 2eT
(
EWn (ǫ) +
∫ T−ǫ
ǫ
∫
Ω∩BR1
∣∣∣−2∇χ∇vn − vn∆χ+ 1σnχgn
∣∣∣2 dxdt
)
,
(2.39)
for ǫ ≤ s ≤ T − ǫ. Using (2.37) and (2.38) , we see that
EWn (s)
≤ C
(
EWn (ǫ) +
∫ T−ǫ
ǫ
∫
Ω∩BR1
∣∣∣−2∇χ∇vn − vn∆χ+ 1σnχgn
∣∣∣2 dxdt
)
−→
n→+∞
0,
for all s ∈ [ǫ, T − ǫ] . We conclude that
EWn (s) −→n→+∞ 0, for all 0 < s < T. (2.40)
Using (2.33) and applying the dominated convergence theorem, we obtain (2.35) .
Now (2.35) and the fact that χ = 1 on {|x| ≤ R} along with (2.29) , give∫ T
0
∫
Ω∩BR
|∇vn (s)|2 + |∂tvn (s)|2 dxds −→
n→+∞
0. (2.41)
On the other hand let θ ∈ C∞c
(
R
d
)
such that θ = 1 on {|x| ≤ R0} and the support
of θ is contained in {|x| ≤ R} . Using Poincare´’s inequality, we obtain∫ T
0
∫
Ω∩BR0
|vn (s, x)|2 dxds
≤ C
∫ T
0
∫
Ω∩BR
|vn (s, x)∇θ (x)|2 + |θ (x)∇vn (s, x)|2 dxds.
The estimate above combined with (2.41) and (2.29), give∫ T
0
∫
Ω∩BR0
|vn (s)|2 + |∇vn (s)|2 + |∂tvn (s)|2 dxds −→
n→+∞
0.
The contradiction follows from the fact that
1 =
1
σ2n
∫ tn+T
tn
∫
Ω∩BR0
ϕ (s+ tn + q (x))
(
|un|2 + |∇un|2 + |∂tun|2
)
dxds
≤ C
∫ T
0
∫
Ω∩BR0
(
|vn|2 + |∇vn|2 + |∂tvn|2
)
dxds −→
n→+∞
0.
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Second case : The sequence tn −→
n→+∞
+∞. We set
σ2n =
∫ tn+T
tn
∫
Ω∩BR0
ϕ (q (x) + s)
(
|un|2 + |∇un|2 + |∂tun|2
)
dxds
and vn (t, x) =
(ϕ(q(x)+tn+t))
1
2 un(tn+t,x)
σn
.
From (2.25), we infer that
1
σ2n
∫ tn+T
tn
∫
Ω
ϕ (q (x) + t)
(
|∇un (t)|2 + |∂tun (t)|2
)
dxdt ≤ 1δ
and
∫ tn+T
tn
∫
Ω∩BR0
|vn (t)|2 dxdt ≤ 1,
(2.42)
and
1
σ2n
∫ tn+T
tn
∫
Ω
a (x)ϕ (q (x) + s) |∂tun|2 dxds −→
n→+∞
0
1
σ2n
∫ tn+T
tn
∫
Ω
ϕ (q (x) + s) |gn (s, x)|2 dxds −→
n→+∞
0
1
σ2n
∫ tn+T
tn
∫
Ω
(ϕ′(q(x)+s))2
ϕ(q(x)+s) a (x) |un|2 dxds −→n→+∞ 0.
(2.43)
It is clear that vn is a solution of the following system


∂2t vn −∆vn = fn (t, x) in R+ × Ω,
vn (t, x) = 0 on R+ × Γ,
(vn (0) , ∂tvn (0)) ∈ H10 (Ω)× L2 (Ω) ,
where
fn (t, x) =
1
2σn
[(
ϕ′′ (ϕ)−
1
2 − 12 (ϕ′)2 ϕ−3/2
)
|x|2
q2
]
un (tn + t)
+ 12σn
[(
d
q − |x|
2
q3
)
ϕ′ (ϕ)−
1
2
]
un (tn + t)
+ 12σn
[
ϕ′′ (ϕ)−
1
2 − 12 (ϕ′)2 ϕ−3/2
]
un (tn + t)− 1σnϕ
1
2 gn (tn + t, x)
+ϕ
′(ϕ)−
1
2
σn
(
∂tun (tn + t) +
x·∇un(tn+t)
q
)
,
where ϕ(j) (t, x) = ϕ(j) (q (x) + t+ tn) , for j = 0, 1, 2.
Now we will show that
∫ T
0
∫
Ω
|fn (s, x)|2 dxds −→
n→+∞
0. (2.44)
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Using (2.43) and the fact that lim
t→+∞
∣∣∣ϕ′(t)ϕ(t)
∣∣∣ = 0, we obtain
∫ T
0
∫
Ω
∣∣∣ 12σn
[(
ϕ′′ (ϕ)−
1
2 − 12 (ϕ′)2 ϕ−3/2
)
|x|2
q2
]
un (tn + t)
∣∣∣2 dxdt
+
∫ T
0
∫
Ω
∣∣∣ 12σn
[(
d
q − |x|
2
q3
)
ϕ′ (ϕ)−
1
2
]
un (tn + t)
∣∣∣2 dxdt
+
∫ T
0
∫
Ω
∣∣∣ 12σn
[
ϕ′′ (ϕ)−
1
2 − 12 (ϕ′)2 ϕ−3/2
]
un (tn + t)
∣∣∣2 dxdt
≤ C
σ2n
∫ tn+T
tn
∫
Ω
(ϕ′(q(x)+s))2
ϕ(q(x)+s)
(
1 +
(
ϕ′(tn)
ϕ(tn)
)2)
|un|2 dxds
≤ C
σ2n
(
ϕ′(tn)
ϕ(tn)
)2 ∫ tn+T
tn
∫
Ω∩BL
ϕ (q (x) + s) |un|2 dxds
+ Cǫ0σ2n
∫ tn+T
tn
∫
Ω
(ϕ′(q(x)+s))2
ϕ(q(x)+s) a (x) |un|2 dxds
≤ C
(
ϕ′(tn)
ϕ(tn)
)2
+ C
ǫ0σ2n
∫ tn+T
tn
∫
Ω
(ϕ′(q(x)+s))2
ϕ(q(x)+s) a (x) |un|2 dxds −→n→+∞ 0.
Now we estimate the remaining term of fn. Turn into account of (2.42) , we get,∫ T
0
∫
Ω
∣∣∣∣ϕ′(ϕ)−12σn
(
∂tun (tn + t) +
x·∇un(tn+t)
q
)∣∣∣∣
2
dxdt
≤ C
σ2n
(
ϕ′(tn)
ϕ(tn)
)2 ∫ T
0
∫
Ω
ϕ (q (x) + (tn + t))
(
|∂tun (tn + t)|2 + |∇un (tn + t)|2
)
dxdt
≤ Cδ
(
ϕ′(tn)
ϕ(tn)
)2
−→
n→+∞
0.
The results above combined with (2.43), gives (2.44) .
The next step is to show the boundeness of the energy of vn. It is easy to see that∫ T
0
Evn (t) dt ≤ cσ2n
∫ tn+T
tn
∫
Ω
ϕ (q (x) + t)
(
|∇un (t)|2 + |∂tun (t)|2
)
dxdt
+ c
σ2n
∫ tn+T
tn
∫
Ω
(ϕ′(q(x)+t))2
ϕ(q(x)+t) |un (t)|2 dxdt.
Now using (2.42) and (2.43) we infer that there exists a positive constant Cδ such
that ∫ T
0
Evn (t) dt ≤ Cδ, for n large enough. (2.45)
On the other hand, we have
Evn (t) ≤
c
t
(∫ T
0
(
Evn (s) + s
∫
Ω
|fn (s, x)|2 dx
)
ds
)
,
for all 0 < t ≤ T. Turn into account of the estimate above along with (2.45) and
(2.44), we obtain
Evn (T ) ≤ CT,δ, for n large enough. (2.46)
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On the other hand, from the energy identity, we see that
Evn (t) ≤ Evn (T ) +
∫ T
0
(
Evn (s) +
∫
Ω
|fn (s, x)|2 dx
)
ds,
for all 0 ≤ t ≤ T. The estimate above combined with (2.45) and (2.46) gives
sup
[0,T ]
Evn (s) ≤ CT,δ, for n large enough. (2.47)
The last step is to show that∫ T
0
∫
Ω
a (x) |∂tvn|2 dxdt −→
n→+∞
0. (2.48)
We have∫ T
0
∫
Ω
a (x) |∂tvn|2 dxdt ≤ 2σ2n
∫ tn+T
tn
∫
Ω
(ϕ′(q(x)+s))2
ϕ(q(x)+s) a (x) |un (s)|2 dxds
+ 2
σ2n
∫ tn+T
tn
∫
Ω
ϕ (q (x) + s) a (x) |∂tun|2 dxds.
Using (2.43) , we get (2.48) .
For the rest of the proof we have only to argue as in [7, Proof of proposition 2].

3. Proof of Theorem 1
3.1. Preliminary results. Throughout this section we use the following notations:
Let β be a real number such that
β > −1 if 1 < r < 1 + 2d
−1 < β < 3−rr−1 if r = 1 + 2d .
Let ψ ∈ C∞0
(
R
d
)
such that 0 ≤ ψ ≤ 1 and
ψ (x) =
{
1 for |x| ≤ L
0 for |x| ≥ 2L .
Finally we set
ϕ (s) = lnβ+1 (b+ s) , f (s) = ln
β(b+s)
b+s , f1 (s) =
lnβ(b+s)
(b+s)2
and f2 (s) =
lnβ−r+1(b+s)
(b+s)r
,
with
ln b = max
(
(2 (r + 1))r+1 , β+1−rr−1 , (8 (r + 1) (β + 1))
r+1
)
.
Proposition 3. We assume that Hyp A holds and (ω,T ) geometrically controls Ω. Let
β > −1. Let δ > 0 and R0 > L. There exists CT,δ = C (T, δ,R0) > 0, such that the following
WAVE EQUATION WITH NONLINEAR DAMPING 21
inequality ∫ t+T
t
∫
Ω∩BR0
f (q (x) + s)
(
|u|2 + |∇u|2 + |∂tu|2
)
dxds
≤ CT,δ
∫ t+T
t
∫
Ω
a (x) f (q (x) + s)
(
|∂tu|2 + |∂tu|2r
)
dxds
+CT,δ
∫ t+T
t
∫
Ω
a (x) f ′1 (q (x) + s) |u|2 dxds
+δ
∫ t+T
t
∫
Ω
f (q (x) + s)
(
|∇u (s)|2 + |∂tu (s)|2
)
dxds,
(3.1)
holds for every t ≥ 0 and for all u solution of (1.1) with initial data (u0, u1) in H10 (Ω) ∩
H2 (Ω)×H10 (Ω) .
Proof. In view of f ∈ L∞ (R+) , we have Ef (u) (0) <∞. On the other hand, it is clear that
f ′ ∈ L∞ (R+) and there exists a positive constant K, such that
sup
R+
∣∣∣∣f ′′ (t)f ′ (t)
∣∣∣∣ ≤ K.
In addition the function t 7−→
∣∣∣ f ′(t)f(t)
∣∣∣ is decreasing and lim
t→+∞
∣∣∣f ′(t)f(t)
∣∣∣ = 0. Moreover there exists
C > 0, such that
(f ′(t))2
f(t) ≤ C (−f ′1 (t)) , for all t ≥ 0.
Since
∂tu ∈ L∞
(
R+,H
1
0 (Ω)
)
,
therefore, from Sobolev imbedding, we deduce that√
a (x) f (q (x) + s) |∂tu|r ∈ L2loc
(
R+, L
2 (Ω)
)
.
By taking into account of the results above, we can use proposition 2 and we obtain (3.1) .This
finishes the proof of the proposition. 
In order to prove theorem 1 we need the following result.
Lemma 2. Let T > 0 and u be the solution of (1.1) with initial data in H10 (Ω) ∩H2 (Ω) ×
H10 (Ω) such that
Eϕ (u) (0) =
∫
Ω
ϕ (q (x))
(
|∇u0|2 + |u1|2
)
dx <∞. (3.2)
We set χ = 1− ψ and
X (t) =
∫
Ω
f (q (x) + t)χ2 (x)u (t) ∂tu (t) dx+
k1
2
∫
Ω
a (x) f1 (q (x) + t) |u (t)|2 dx
+
∫
Ω
a (x) f2 (q (x) + t) |u (t)|r+1 dx+ k2
∫
Ω
lnβ+1 (b+ q (x) + t)
(
|∇u|2 + |∂tu|2
)
dx,
(3.3)
where
k =
1
4 (β + 1)
, k1 > 0.
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We have
X (t+ T )−X (t) + 14
∫ t+T
t
∫
Ω
f (q (x) + s)
(
|∇u|2 + |∂tu|2
)
dxds
−
(
k1
4 − 2(1+|β|)ǫ0
)∫ t+T
t
∫
Ω
a (x) f ′1 (q (x) + s) |u|2 dxds
−12
∫ t+T
t
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dxds
+ 18(β+1)
∫ t+T
t
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds
≤ (3 + 12 ∥∥∇χ2∥∥∞)
∫ t+T
t
∫
Ω∩B2L
f (q (x) + s)
(
|u|2 + |∇u|2 + |∂tu|2
)
dxds
+2
(
1
ǫ0
+ 4(1+|β|)
ǫ20k1
+ 4k1
) ∫ t+T
t
∫
Ω
a (x) f (q (x) + t) |∂tu|2 dxds.
(3.4)
Proof. First (3.2) allows us to apply (2.3) and to obtain
Eϕ (u) (t+ T ) +
∫ t+T
t
∫
Ω
a (x)ϕ (q (x) + s) |∂tu|r+1 dxds
≤ Eϕ (u) (t) + (β + 1)
∫ t+T
t
∫
Ω
f (q (x) + s)
(
|∇u|2 + |∂tu|2
)
dxds.
We set
X0 (t) =
∫
Ω
f (q (x) + t)χ2 (x)u (t) ∂tu (t) dx+
k1
2
∫
Ω
a (x) f1 (q (x) + t) |u (t)|2 dx
+
∫
Ω
a (x) f2 (q (x) + t) |u (t)|r+1 dx.
Therefore, we have
d
dtX0 (t) =
∫
Ω
(
|∂tu (t)|2 − |∇u (t)|2 − a (x) |∂tu (t)|r−1 u∂tu (t)
)
χ2 (x) f (q (x) + t) dx
−
∫
Ω
χ2 (x) f ′ (q (x) + t) u (t) x·∇u(t)q(x) + f (q (x) + t)∇χ2 (x)∇u (t) dx
+
∫
Ω
f ′ (q (x) + t)χ2 (x) u (t) ∂tu (t) dx
+k1
(∫
Ω
a (x) f1 (q (x) + t) u (t) ∂tu (t) dx+
1
2
∫
Ω
a (x) f ′1 (q (x) + t) |u (t)|2 dx
)
+
∫
Ω
a (x) f ′2 (q (x) + t) |u|r+1 dx+ (r + 1)
∫
Ω
a (x) f2 (q (x) + t) |u|r−1 u∂tudx.
(3.5)
A direct computation gives
(f ′(s))2
f(s) ≤ (1 + |β|)
lnβ(b+s)
(b+s)3
≤ − (1 + |β|) f ′1 (s)
and
(f1(s))
2
f(s) =
lnβ(b+s)
(b+s)3
≤ −f ′1 (s) .
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We note that ‖χ‖∞ ≤ 1. Using Young’s inequality and the fact that the support of χ is
contained in {|x| ≥ L} and
a (x) > ǫ0 > 0 for |x| ≥ L,
we deduce that∣∣∣∣
∫
Ω
f ′ (q (x) + t)χ2 (x)u (t) ∂tu (t) dx
∣∣∣∣
≤ −k18
∫
Ω
a (x) f ′1 (q (x) + t) |u (t)|2 dx+ 8(1+|β|)ǫ20k1
∫
Ω
a (x) f (q (x) + t) |∂tu (t)|2 dx,
and ∣∣∣∣k1
∫
Ω
a (x) f1 (q (x) + t)u (t) ∂tu (t) dx
∣∣∣∣
≤ −k18
∫
Ω
a (x) f ′1 (q (x) + t) |u (t)|2 dx+ 8k1
∫
Ω
a (x) f (q (x) + t) |∂tu (t)|2 dx.
Using the same arguments we also deduce that∫
Ω
χ2 (x) f ′ (q (x) + t)u (t) x·∇u(t)q(x) dx
≤ 12
∫
Ω
f (q (x) + t) |∇u (t)|2 dx− 2(1+|β|)ǫ0
∫
Ω
a (x) f ′1 (q (x) + t) |u (t)|2 dx.
Since the support of ψ is contained in {|x| ≤ 2L} and
a (x) > ǫ0 for |x| ≥ L,
therefore we see that∫
Ω
(
|∂tu (t)|2 − |∇u (t)|2
)
χ2 (x) f (q (x) + t) dx
=
∫
Ω
f (q (x) + t)
(
1− 2ψ (x) + ψ2 (x)) (|∂tu (t)|2 − |∇u (t)|2) dx
≤ 2ǫ0
∫
Ω
a (x) f (q (x) + t) |∂tu (t)|2 dx
−
∫
Ω
f (q (x) + t)
(
|∂tu (t)|2 + |∇u (t)|2
)
dx
+3
∫
Ω∩B2L
f (q (x) + t)
(
|∂tu (t)|2 + |∇u (t)|2
)
dx.
We note that the support of ∇χ2 is contained in {|x| ≤ 2L}, using Young’s inequality, we
deduce that ∣∣∣∣−
∫
Ω
f (q (x) + t)u (t)∇χ2 (x)∇u (t) dx
∣∣∣∣
≤ 12
∥∥∇χ2∥∥
∞
∫
Ω∩B2L
f (q (x) + t)
(
|u (t)|2 + |∇u (t)|2
)
dx.
Since
ln b ≥ β + 1− r
r − 1 ,
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therefore a direct computation gives
−f2 (s) ≥ ln
β−r+1(b+s)
(b+s)r+1
(f (s))r+1 ln−r(β+1) (b+ s) ≤ −f ′2(s)ln(b+s)
(f2 (s))
r+1
r ln−
β+1
r (b+ s) ≤ −f ′2(s)ln(b+s) .
Now we can estimate the last term of the RHS of (3.5) . Ho¨lder’s inequality along with Young’s
inequality, leads to
∫
Ω
a (x) f (q (x) + s) |∂tu (t)|r−1 u∂tudx
≤ (ln b)− 1r+1
(∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dx
) r
r+1
(
−
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dx
) 1
r+1
≤ (ln b)− 1r+1
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dx− (ln b)−
1
r+1
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dx,
and
(r + 1)
∫
Ω
a (x) f2 (q (x) + s) |u|r−1 u∂tudx
≤ (r + 1) (ln b)− rr+1
(∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dx
) 1
r+1
×
(
−
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dx
) r
r+1
≤ (ln b)− 1r+1
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dx− r (ln b)−
1
r+1
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dx.
Thus
∫ t+T
t
∫
Ω
a (x) f (q (x) + s) |∂tu|r−1 u∂tudxds+ (r + 1)
∫ t+T
t
∫
Ω
a (x) f2 (q (x) + s) |u|r−1 u∂tudxds
≤ (r + 1) (ln b)− 1r+1
∫ t+T
t
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds
− (r + 1) (ln b)− 1r+1
∫ t+T
t
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dxdds.
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Collecting the inequalities above, making some arrangement in (3.5) and integrating the result
between t and t+ T , we end up with
X (t+ T )−X (t) + (12 − (1 + β) k)
∫ t+T
t
∫
Ω
f (q (x) + s)
(
|∇u|2 + |∂tu|2
)
dxds
−
(
k1
4 − 2(1+|β|)ǫ0
) ∫ t+T
t
∫
Ω
a (x) f ′1 (q (x) + s) |u (s)|2 dxds
−
(
1− (r + 1) (ln b)− 1r+1
)∫ t+T
t
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dxds
+
(
k − (r + 1) (ln b)− 1r+1
)∫ t+T
t
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds
≤ (3 + 12 ∥∥∇χ2∥∥∞)
(∫ t+T
t
∫
Ω∩B2L
f (q (x) + s)
(
|u|2 + |∇u|2 + |∂tu|2
)
dxds
)
+
(
2
ǫ0
+ 8(1+|β|)
ǫ20k1
+ 8k1
) ∫ t+T
t
∫
Ω
a (x) f (q (x) + s) |∂tu|2 dxds.
Using the fact that k = 14(β+1) and
ln b ≥ max
(
(2 (r + 1))r+1 , (8 (r + 1) (β + 1))r+1
)
,
we obtain (3.4) . 
3.2. Proof of Theorem 1. We assume that Hyp A holds and ω satisfies the GCC. We set
γ = β + 1. Let u be a solution of (1.1) with initial data in H10 (Ω) ∩H2 (Ω) × H10 (Ω) such
that
Eϕ (u) (0) =
∫
Ω
lnβ+1 (1 + q (x))
(
|∇u0|2 + |u1|2
)
dx <∞.
Let T > 0 such that the observability estimate (3.1) holds. First we estimate the first term
of the RHS of (3.4) . Using the observability estimate (3.1), we see that
X (t+ T )−X (t) + (14 − (3 + ∥∥∇χ2∥∥∞) δ)
∫ t+T
t
∫
Ω
f (q (x) + s)
(
|∇u|2 + |∂tu|2
)
dxds
−
(
k1
4 − 2(1+|β|)ǫ0 −
(
3 +
∥∥∇χ2∥∥
∞
)
CT,δ
)∫ t+T
t
∫
Ω
a (x) f ′1 (q (x) + s) |u|2 dxds
−12
∫ t+T
t
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dxds
+ 18(β+1)
∫ t+T
t
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds
≤ k3
∫ t+T
t
∫
Ω
a (x) f (q (x) + s)
(
|∂tu|2 + |∂tu|2r
)
dxds,
(3.6)
for every t ≥ 0, where k3 = 2
(
1
ǫ0
+ 4(1+|β|)
ǫ20k1
+ 4k1 + 2
(
3 +
∥∥∇χ2∥∥
∞
)
CT,δ
)
.
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On the other hand, using Young’s inequality we get
X (t) ≤
(
k1
2 +
1
ǫ0ǫ
)∫
Ω
a (x) f1 (q (x) + t) |u (t)|2 dx
+(k + ǫ)
∫
Ω
lnβ+1 (b+ q (x) + t)
(
|∇u (t)|2 + |∂tu (t)|2
)
dx
+
∫
Ω
a (x) f2 (q (x) + t) |u (t)|r+1 dx
(3.7)
and
X (t) ≥
(
k1
2 − 1ǫ0ǫ
)∫
Ω
a (x) f1 (q (x) + t) |u (t)|2 dx
+(k − ǫ)
∫
Ω
lnβ+1 (b+ q (x) + t)
(
|∇u (t)|2 + |∂tu (t)|2
)
dx
+
∫
Ω
a (x) f2 (q (x) + t) |u (t)|r+1 dx,
(3.8)
for all ǫ > 0. We choose (by taking into account of the order below)
δ such that 14 −
(
3 +
∥∥∇χ2∥∥
∞
)
δ = 18 ,
ǫ such that k − ǫ ≥ 116(β+1) ,
k1 such that
k1
2 − 1ǫ0ǫ ≥ 1 and
k1
4 − 2(1+|β|)ǫ0 −
(
3 +
∥∥∇χ2∥∥
∞
)
CT,δ ≥ 1.
Therefore
X (t) ≥
∫
Ω
a (x) f1 (q (x) + t) |u (t)|2 dx
+ 116(β+1)
∫
Ω
lnβ+1 (b+ q (x) + t)
(
|∇u (t)|2 + |∂tu (t)|2
)
dx
+
∫
Ω
a (x) f2 (q (x) + t) |u (t)|r+1 dx.
(3.9)
and
X (t+ T )−X (t) + 18
∫ t+T
t
∫
Ω
f (q (x) + s)
(
|∇u|2 + |∂tu|2
)
dxds
−
∫ t+T
t
∫
Ω
a (x) f ′1 (q (x) + s) |u|2 dxds − 12
∫ t+T
t
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dxds
+ 18(β+1)
∫ t+T
t
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds
≤ k3
∫ t+T
t
∫
Ω
a (x) f (q (x) + s)
(
|∂tu|2 + |∂tu|2r
)
dxds,
(3.10)
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for every t ≥ 0. Thus
X (nT ) + 18
∫ nT
0
∫
Ω
f (q (x) + s)
(
|∇u|2 + |∂tu|2
)
dxds
−
∫ nT
0
∫
Ω
a (x) f ′1 (q (x) + s) |u|2 dxds − 12
∫ nT
0
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dxds
+ 18(β+1)
∫ nT
0
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds
≤ k3
∫ nT
0
∫
Ω
a (x) f (q (x) + s)
(
|∂tu|2 + |∂tu|2r
)
dxds+X (0) , for all n ∈ N.
(3.11)
Using proposition 1, we deduce that
X (0) ≤ CI0 (3.12)
where I0 is defined in the statement of theorem 1.
Combining (3.11) and (3.12) , we obtain
X (nT ) + 18
∫ nT
0
∫
Ω
f (q (x) + s)
(
|∇u|2 + |∂tu|2
)
dxds
−
∫ nT
0
∫
Ω
a (x) f ′1 (q (x) + s) |u|2 dxds − 12
∫ nT
0
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dxds
+ 18(β+1)
∫ nT
0
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds
≤ k4
(∫ nT
0
∫
Ω
a (x) f (q (x) + s)
(
|∂tu|2 + |∂tu|2r
)
dxds+ I0
)
, for all n ∈ N.
(3.13)
for some k4 > 0. The next step is to control the first term of the RHS of the estimate above
by the last term of the LHS. We remind that
p =
{
2 (r + 1) if d ≤ 3
2d
d−2 if d ≥ 4.
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We have r + 1 < 2r < p, using interpolation inequality and Young’s inequality, we obtain
∫ nT
0
∫
Ω
a (x) f (q (x) + s) |∂tu|2r dxds
≤
∫ nT
0
f (s)
∫
Ω
a (x) |∂tu|2r dxds
≤
∫ nT
0
f (s)
(∫
Ω
a (x) |∂tu|r+1 dx
) p−2r
p−r−1
(∫
Ω
a (x) |∂tu|p dx
) r−1
p−r−1
ds
≤
(
‖a‖L∞ ‖∂tu‖pL∞(R+,Lp(Ω))
∫ nT
0
(f (s))
p−r−1
r−1 (ln (b+ s))−
(β+1)(p−2r)
r−1 ds
) r−1
p−r−1
×
(∫ nT
0
lnβ+1 (b+ s)
∫
Ω
a (x) |∂tu|r+1 dxds
) p−2r
p−r−1
≤
ǫ
−
p−2r
r−1 (r−1)‖a‖L∞‖∂tu‖
p
L∞(R+,Lp(Ω))
p−r−1
∫ +∞
0
(b+ s)−
p−r−1
r−1 (ln (b+ s))β−
p−2r
r−1 ds
+ ǫ(p−2r)p−r−1
∫ nT
0
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds,
for all ǫ > 0. Thus using (1.3) and Sobolev imbedding H1 →֒ Lp, we get
∫ nT
0
∫
Ω
a (x) f (q (x) + s) |∂tu|2r dxds
≤ ǫ− p−2rr−1 C ‖a‖L∞
(
‖u0‖2H2 + ‖u1‖2H1 + ‖u1‖2rH1
) p
2
+ ǫ(p−2r)p−r−1
∫ nT
0
∫
Ω
a (x) (ln (b+ q (x) + s))β+1 |∂tu|r+1 dxds,
(3.14)
for all ǫ > 0. To estimate the last term, first we use Holder’s inequality
∫ nT
0
∫
Ω
a (x) f (q (x) + s) |∂tu|2 dxds
≤
(
‖a‖L∞
∫ nT
0
∫
Ω
(f (q (x) + s))
r+1
r−1 ln−
2(β+1)
r−1 (b+ q (x) + s) dxds
) r−1
r+1
×
(∫ nT
0
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds
) 2
r+1
≤
(
‖a‖L∞
∫ +∞
0
∫
Ω
(b+ q (x) + s)−
r+1
r−1 lnβ−
2
r−1 (b+ q (x) + s) dxds
) r−1
r+1
×
(∫ nT
0
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds
) 2
r+1
.
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By Young’s inequality, we end up with∫ nT
0
∫
Ω
a (x) f (q (x) + s) |∂tu|2 dxds
≤ (r−1)ǫ
−
2
r−1 ‖a‖L∞
r+1
∫ +∞
0
∫
Ω
(b+ q (x) + s)−
r+1
r−1 lnβ−
2
r−1 (b+ q (x) + s) dxds
+ 2ǫr+1
∫ nT
0
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds
≤ C ‖a‖L∞ (r−1)ǫ
−
2
r−1
r+1
∫ +∞
0
∫ +∞
0
lnβ−
2
r−1 (b+ y + s) (b+ y + s)−
r+1
r−1
+d−1 dyds
+ 2ǫr+1
∫ nT
0
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds,
for all ǫ > 0. In view of the fact that
− r+1r−1 + d < −1 if 1 < r < 1 + 2d
β − 2r−1 < −1 and − r+1r−1 + d = −1 if r = 1 + 2d ,
(3.15)
we see that∫ nT
0
∫
Ω
a (x) f (q (x) + s) |∂tu|2 dxds
≤ Cǫ− 2r−1 ‖a‖L∞ + 2ǫr+1
∫ nT
0
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds,
(3.16)
for all ǫ > 0. We choose ǫ such that
1
8(β+1) − k4ǫ
(
p−2r
p−r−1 +
2
r+1
)
≥ 116(β+1) .
We conclude that there exists a positive constant C1 such that
X (nT ) + 18
∫ nT
0
∫
Ω
f (q (x) + s)
(
|∇u|2 + |∂tu|2
)
dxds
−
∫ nT
0
∫
Ω
a (x) f ′1 (q (x) + s) |u|2 dxds− 12
∫ nT
0
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dxds
+ 116(β+1)
∫ nT
0
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds ≤ C1I0, for all n ∈ N.
Therefore we obtain
1
8
∫ ∞
0
∫
Ω
f (q (x) + s)
(
|∇u|2 + |∂tu|2
)
dxds
−
∫ +∞
0
∫
Ω
a (x) f ′1 (q (x) + s) |u|2 dxds − 12
∫ +∞
0
∫
Ω
a (x) f ′2 (q (x) + s) |u|r+1 dxds
+ 116(β+1)
∫ +∞
0
∫
Ω
a (x) lnβ+1 (b+ q (x) + s) |∂tu|r+1 dxds ≤ C1I0.
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Now using the weighted energy estimate (2.3), we infer that
Eϕ (u) (t) =
∫
Ω
ϕ (q (x) + s)
(
|∇u (s)|2 + |∂tu (s)|2
)
≤ Eϕ (u) (0) + (β + 1)
∫ ∞
0
∫
Ω
f (q (x) + s)
(
|∇u (s)|2 + |∂tu (s)|2
)
dxds
≤ C0I0,
for some positive constant C0. The sought estimate follows from the estimate above and the
fact that
lnβ+1 (2 + t)Eu (t) ≤ Eϕ (u) (t) .
4. Proof of Theorem 2
4.1. Preliminary results. Throughout this section we use the following notations: Let β
be a real number such that 0 < 1 + β < τ, where
τ =
rδ
r2+1
r
0 (λ+1)
r−1(r+1)r
δ
r+1
r
0 +δ
r
0(λ+1)
r−1(r+1)r
(
rδ0(λ+1)(r+1)+δ
1
r
0
) ,
λ any positive constant and
δ0 = (λ+ 1)
r2
r2−1 (r + 1)−
r
r−1 .
We take ϕ (s) = (1 + αs)β+1 where
α =
rkr (r + 1) + δ
1
r
0
krδ
1
r
0 (r + 1) (r − τ)
,
and
k = (1 + λ) (r + 1) δ0.
Finally, let ψ ∈ C∞c
(
R
d
)
such that 0 ≤ ψ ≤ 1 and
ψ (x) =
{
1 for |x| ≤ L
0 for |x| ≥ 2L .
Proposition 4. We assume that Hyp A holds and (ω,T ) geometrically controls Ω. Let δ > 0,
R0 > L and −1 < β ≤ 0. There exists CT,δ = C (T, δ,R0, α, β) > 0, such that the following
inequality ∫ t+T
t
∫
Ω∩BR0
(1 + α (q (x) + s))β
(
|u|2 + |∇u|2 + |∂tu|2
)
dxds
≤ CT,δ
∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β
(
|∂tu|2 + |∂tu|2r
)
dxds
+CT,δ
∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β−2 |u|2 dxds
+δ
∫ t+T
t
∫
Ω
(1 + α (q (x) + s))β
(
|∇u|2 + |∂tu|2
)
dxds,
(4.1)
holds for every t ≥ 0 and for all u solution of (1.1) with initial data (u0, u1) in H10 (Ω) ∩
H2 (Ω)×H10 (Ω) .
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Proof. We set
f (s) = (1 + αs)β
In view of f ∈ L∞ (R+) , we have Ef (u) (0) < ∞. On the other hand, it is clear that
f ′ ∈ L∞ (R+) and there exists a positive constant K, such that
sup
R+
∣∣∣f ′′(t)f ′(t)
∣∣∣ ≤ K.
In addition the function t 7−→
∣∣∣ f ′(t)f(t)
∣∣∣ is decreasing and lim
t→+∞
∣∣∣f ′(t)f(t)
∣∣∣ = 0. Moreover there exists
C > 0, such that
(f ′(t))2
f(t) ≤ C (−f ′ (t)) , for all t ≥ 0.
Since
∂tu ∈ L∞
(
R+,H
1
0 (Ω)
)
,
then from Sobolev imbedding, we deduce that√
a (x) (1 + α (q (x) + s))β |∂tu|r ∈ L2loc
(
R+, L
2 (Ω)
)
.
By taking into account of the results above, we can use proposition 2 and we obtain (4.1) .This
finishes the proof of the proposition. 
In order to prove theorem 2 we need the following result.
Lemma 3. Let u be a solution of (1.1) with initial data in H10 (Ω) ∩H2 (Ω) ×H10 (Ω) such
that
Eϕ (u) (0) =
∥∥∥(1 + αq) 1+β2 ∇u0∥∥∥2
L2
+
∥∥∥(1 + αq) 1+β2 u1∥∥∥2
L2
< +∞.
We set χ = 1− ψ and
X (t) =
∫
Ω
(1 + α (q (x) + t))β χ2 (x) u (t) ∂tu (t) dx+
k1
2
∫
Ω
(1 + α (q (x) + t))β−1 a (x) |u (t)|2 dx
+
∫
Ω
a (x) (1 + α (q (x) + t))β−r+1 |u (t)|r+1 dx+ k2
∫
Ω
(1 + α (q (x) + t))β+1
(
|∇u|2 + |∂tu|2
)
dx,
(4.2)
where k1 > 0. Then
X (t+ T )−X (t) + 1−kα(1+β)2
∫ t+T
t
∫
Ω
(1 + α (q (x) + s))β
(
|∇u|2 + |∂tu|2
)
dxds
+
(
k1α(1−β)
4 − β
2α2
ǫ0ǫ
)∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β−2 |u (t)|2 dxds
+λδ0
∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds
≤ (3 + ∥∥∇χ2∥∥
∞
) ∫ t+T
t
∫
Ω∩B2L
(1 + α (q (x) + s))β
(
|u|2 + |∇u|2 + |∂tu|2
)
dxds
+
(
2
ǫ0
+ 8k1α(1−β) +
8β2α
ǫ20k1(1−β)
)∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β |∂tu|2 dxds,
(4.3)
for all t ≥ 0, where λ any positive constant.
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Proof. We have ∫
Ω
ϕ (q (x))
(
|∇u0|2 + |u1|2
)
dx <∞.
Then from (2.3) , we infer
Eϕ (u) (t+ T ) +
∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds
≤ Eϕ (u) (t) + (β + 1)α
∫ t+T
t
∫
Ω
(1 + α (q (x) + s))β
(
|∇u|2 + |∂tu|2
)
dxds.
We set
X0 (t) =
∫
Ω
(1 + α (q (x) + t))β χ2 (x) u (t) ∂tu (t) dx+
k1
2
∫
Ω
(1 + α (q (x) + t))β−1 a (x) |u (t)|2 dx
+
∫
Ω
a (x) (1 + α (q (x) + t))β−r+1 |u (t)|r+1 dx.
Using the fact that u is a solution of (1.1) , we deduce that
d
dtX0 (t) =
∫
Ω
(
|∂tu (t)|2 − |∇u (t)|2 − a (x) |∂tu (t)|r−1 u (t) ∂tu (t)
)
χ2 (x) (1 + α (q (x) + t))β dx
−
∫
Ω
(1 + α (q (x) + t))β u (t)∇χ2 (x)∇u (t) + βα (1 + α (q (x) + t))β−1 χ2 (x) u (t) x·∇u(t)q(x) dx
+βα
∫
Ω
(1 + α (q (x) + t))β−1 χ2 (x) u (t) ∂tu (t) dx
+k1
(∫
Ω
a (x) (1 + α (q (x) + t))β−1 u (t) ∂tu (t) dx+
β−1
2 α
∫
Ω
a (x) (1 + α (q (x) + t))β−2 |u|2 dx
)
+(β + 1− r)α
∫
Ω
a (x) (1 + α (q (x) + t))β−r |u|r+1 dx
+(r + 1)
∫
Ω
a (x) (1 + α (q (x) + t))β−r+1 |u|r−1 u∂tudx.
(4.4)
We note that ‖χ‖∞ ≤ 1. Using Young’s inequality and the fact that the support of χ is
contained in {|x| ≥ L} and
a (x) > ǫ0 > 0 for |x| ≥ L,
we infer that∣∣∣∣αβ
∫
Ω
(1 + αq (x) + αt)β−1 χ2 (x)u (t) ∂tu (t) dx
∣∣∣∣
≤ k1α(1−β)8
∫
Ω
a (x) (1 + α (q (x) + t))β−2 |u (t)|2 dx+ 8β2α
ǫ20k1(1−β)
∫
Ω
a (x) (1 + α (q (x) + t))β |∂tu (t)|2 dx
and
k1
∣∣∣∣
∫
Ω
a (x) (1 + α (q (x) + t))β−1 u (t) ∂tu (t) dx
∣∣∣∣
≤ k1α(1−β)8
∫
Ω
a (x) (1 + α (q (x) + t))β−2 |u (t)|2 dx+ 8k1α(1−β)
∫
Ω
a (x) (1 + α (q (x) + t))β |∂tu (t)|2 dx.
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Using the same arguments, we also deduce that
∣∣∣∣
∫
Ω
βα (1 + α (q (x) + t))β−1 χ2 (x) u (t) x·∇u(t)q(x) dx
∣∣∣∣
≤ β2α2ǫ0ǫ
∫
Ω
a (x) (1 + α (q (x) + t))β−2 |u (t)|2 dx+ ǫ
∫
Ω
(1 + α (q (x) + t))β |∇u (t)|2 dx,
for all ǫ > 0. Using the fact that the support of ψ is contained in {|x| ≤ 2L} and
a (x) > ǫ0 > 0 for |x| ≥ L,
we get
∫
Ω
χ2 (x)
(
|∂tu (t)|2 − |∇u (t)|2
)
(1 + α (q (x) + t))β dx
=
∫
Ω
(
1− 2ψ (x) + ψ2 (x)) (1 + α (q (x) + t))β (|∂tu (t)|2 − |∇u (t)|2) dx
≤ 2ǫ0
∫
Ω
a (x) (1 + α (q (x) + t))β |∂tu (t)|2 dx
−
∫
Ω
(1 + α (q (x) + t))β
(
|∂tu (t)|2 + |∇u (t)|2
)
dx
+3
∫
Ω∩B2L
(1 + α (q (x) + t))β
(
|∂tu (t)|2 + |∇u (t)|2
)
dx.
We note that the support of ∇χ2 is contained in {|x| ≤ 2L}, using Young’s inequality, we
deduce that
∣∣∣∣−
∫
Ω
(1 + α (q (x) + t))β u (t)∇χ2 (x)∇u (t) dx
∣∣∣∣
≤ 12
∥∥∇χ2∥∥
∞
∫
Ω∩B2L
(1 + α (q (x) + t))β
(
|u (t)|2 + |∇u (t)|2
)
dx.
Young’s inequality combined with the fact that ‖χ‖∞ ≤ 1, gives
∣∣∣∣
∫
Ω
a (x) (1 + α (q (x) + t))β χ2 (x) |∂tu (t)|r−1 u∂tu (t) dx
∣∣∣∣
≤ rkr+1
∫
Ω
a (x) (1 + α (q (x) + t))β+1 |∂tu (t)|r+1 dx+ k−rr+1
∫
Ω a (x) (1 + α (q (x) + t))
β−r |u (t)|r+1 dx
and
(r + 1)
∣∣∣∣
∫
Ω
a (x) (1 + α (q (x) + t))β−r+1 |u (t)|r−1 u∂tu (t) dx
∣∣∣∣
≤ δ0
∫
Ω
a (x) (1 + α (q (x) + t))β+1 |∂tu (t)|r+1 dx+ rδ−
1
r
0
∫
Ω
a (x) (1 + α (q (x) + t))β−r |u (t)|r+1 dx.
34 M. DAOULATLI
By taking into account of the estimates above, making some arrangement in (4.4) and inte-
grating the result between t and t+ T, we obtain
X (t+ T )−X (t) + (1− ǫ− (1 + β) kα)
∫ t+T
t
∫
Ω
(1 + α (q (x) + s))β
(
|∇u|2 + |∂tu|2
)
dxds
+
(
k1α(1−β)
4 − β
2α2
ǫ0ǫ
)∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β−2 |u|2 dxds
+
((
α− δ−
1
r
0
)
r − (β + 1)α− k−rr+1
)∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β−r |u|r+1 dxds
+
(
k − krr+1 − δ0
)∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds
≤ (3 + ∥∥∇χ2∥∥
∞
) ∫ t+T
t
∫
Ω∩B2L
(1 + α (q (x) + s))β
(
|u|2 + |∇u|2 + |∂tu|2
)
dxds
+
(
2
ǫ0
+ 8k1α(1−β) +
8β2α
ǫ20k1(1−β)
) ∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β |∂tu|2 dxds,
for all ǫ > 0.
We have
1− (β + 1) kα > 1− τkα = 0.
So we can choose ǫ = 1−γkα2 . It is easy to see that(
α− δ−
1
r
0
)
r − (β + 1)α− k−rr+1
>
(
α− δ−
1
r
0
)
r − τα− k−rr+1 = 0
and
k − krr+1 − δ0 = λδ0.
Collecting the estimates above, we get (4.3) . 
4.2. Proof of Theorem 2. We assume that Hyp A holds and ω satisfies the GCC. Let u
be a solution of (1.1) with initial data in H10 (Ω) ∩H2 (Ω)×H10 (Ω) such that∥∥∥(1 + αq) γ2 ∇u0∥∥∥2
L2
+
∥∥∥(1 + αq)γ2 u1∥∥∥2
L2
< +∞.
We set γ = 1 + β. Using (4.3) and (4.1) and arguing as in the proof of theorem 1 we obtain
X (t+ T )−X (t) +
(
1−kα(1+β)
2 −
(
3 +
∥∥∇χ2∥∥
∞
)
δ
)∫ t+T
t
∫
Ω
(1 + α (q (x) + s))β
(
|∇u|2 + |∂tu|2
)
dxds
+
(
k1α(1−β)
4 − β
2α2
ǫ0ǫ
− (3 + ∥∥∇χ2∥∥
∞
)
CT,δ
) ∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β−2 |u|2 dxds
+λδ0
∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds
≤ k2
∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β
(
|∂tu|2r + |∂tu|2
)
dxds,
(4.5)
for all t ≥ 0, and for some k2 > 0.
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Using Young’s inequality we get
X (t) ≤
(
k1
2 +
1
2ǫ0ǫ
)∫
Ω
a (x) (1 + α (q (x) + t))β−1 |u (t)|2 dx
+(k + ǫ)
∫
Ω
(1 + α (q (x) + t))β+1
(
|∇u (t)|2 + |∂tu (t)|2
)
dx
+
∫
Ω
a (x) (1 + α (q (x) + t))β−r+1 |u (t)|r+1 dx
(4.6)
and
X (t) ≥
(
k1
2 − 1ǫ0ǫ
)∫
Ω
a (x) (1 + α (q (x) + t))β−1 |u (t)|2 dx
+(k − ǫ)
∫
Ω
(1 + α (q (x) + t))β+1
(
|∇u (t)|2 + |∂tu (t)|2
)
dx
+
∫
Ω
a (x) (1 + α (q (x) + t))β−r+1 |u (t)|r+1 dx,
(4.7)
for all ǫ > 0. We choose (by taking into account of the order below)
ǫ such that k − ǫ ≥ δ0
δ such that 1−kα(1+β)2 −
(
3 +
∥∥∇χ2∥∥
∞
)
δ ≥ 1−kα(1+β)4
k1 such that
k1
2 − 12ǫ0ǫ ≥ δ0 and
k1(1−β)
4 − 2β
2
ǫ0δ0
− (3 + ∥∥∇χ2∥∥
∞
)
CT,δ ≥ δ0.
Therefore
X (t) ≥ δ0
∫
Ω
a (x) (1 + α (q (x) + t))β−1 |u (t)|2 dx
+δ0
∫
Ω
(1 + α (q (x) + t))β+1
(
|∇u (t)|2 + |∂tu (t)|2
)
dx
+
∫
Ω
a (x) (1 + α (q (x) + t))β−r+1 |u (t)|r+1 dx.
(4.8)
and
X (t+ T )−X (t) + 1−kα(1+β)4
∫ t+T
t
∫
Ω
(1 + α (q (x) + s))β
(
|∇u|2 + |∂tu|2
)
dxds
+δ0
∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β−2 |u|2 dxds
+λδ0
∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds
≤ k2
∫ t+T
t
∫
Ω
a (x) (1 + α (q (x) + s))β
(
|∂tu|2r + |∂tu|2
)
dxds,
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for all t ≥ 0. Thus
X (nT ) + 1−kα(1+β)4
∫ nT
0
∫
Ω
(1 + α (q (x) + s))β
(
|∇u|2 + |∂tu|2
)
dxds
+δ0
∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β−2 |u|2 dxds
+λδ0
∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds
≤ k2
∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β
(
|∂tu|2r + |∂tu|2
)
dxds +X (0) , for all n ≥ 1.
(4.9)
In view of proposition 1
X (0) ≤ CI1.
where I1 is defined in the statement of theorem 2. Therefore there exists a positive constant
k3, such that
X (nT ) + 1−kα(1+β)4
∫ nT
0
∫
Ω
(1 + α (q (x) + s))β
(
|∇u|2 + |∂tu|2
)
dxds
+δ0
∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β−2 |u|2 dxds
+λδ0
∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds
≤ k3
(∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β
(
|∂tu|2 + |∂tu|2r
)
dxds + I1
)
, for all n ∈ N.
(4.10)
As in the proof of theorem 1, we absorb the first term of the RHS of the estimate above by
the last term of the LHS. Proceeding as the proof of theorem 1, we obtain
∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β |∂tu|2r dxds ≤ Cǫ−
p−2r
r−1 ‖a‖L∞
(
‖u0‖2H2 + ‖u1‖2H1 + ‖u1‖2rH1
) p
2
+ ǫ(p−2r)p−r−1
∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds.
(4.11)
and ∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β |∂tu|2 dxds
≤ Cǫ− 2r−1 + 2ǫr+1
∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds
(4.12)
We choose ǫ such that
λδ0 − k3ǫ
(
p−2r
p−r−1 +
2
r+1
)
≥ λδ02
WAVE EQUATION WITH NONLINEAR DAMPING 37
So there exists a positive constant C0 such that
X (nT ) + 1−kα(1+β)4
∫ nT
0
∫
Ω
(1 + α (q (x) + s))β
(
|∇u|2 + |∂tu|2
)
dxds
+δ0
∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β−2 |u|2 dxds
+λδ02
∫ nT
0
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds ≤ C0I1, for all n ∈ N.
Therefore we obtain
1−kα(1+β)
4
∫ +∞
0
∫
Ω
(1 + α (q (x) + s))β
(
|∇u|2 + |∂tu|2
)
dxds
+δ0
∫ +∞
0
∫
Ω
a (x) (1 + α (q (x) + s))β−2 |u|2 dxds
+λδ02
∫ +∞
0
∫
Ω
a (x) (1 + α (q (x) + s))β+1 |∂tu|r+1 dxds ≤ C0I1, for all n ∈ N.
Now using the weighted energy estimate (2.3), we infer that
Eϕ (u) (t) =
1
2
∫
Ω
(1 + α (q (x) + s))β+1
(
|∇u|2 + |∂tu|2
)
dx
≤ Eϕ (u) (0) + α (β + 1)
∫ ∞
0
∫
Ω
(1 + α (q (x) + s))β
(
|∇u (s)|2 + |∂tu (s)|2
)
dxds
≤ C1I1,
for some positive constant C1. The sought estimate follows from the estimate above and the
fact that
(1 + αt)β+1Eu (t) ≤ Eϕ (u) (t) .
This finishes the proof of theorem 2.
5. Proof of Theorem 3
5.1. Preliminary results. Throughout this section we use the following notations: Let β
be a real number such that 0 < 1 + β < τ, where
τ1 =
2rδ
r2+1
r
0 (λ+1)
r−1(r+1)r
δ
r+1
r
0 +δ
r
0(λ+1)
r−1(r+1)r
(
rδ0(λ+1)(r+1)+2δ
1
r
0
) ,
λ any positive constant such that λ < 1 and
δ0 = (λ+ 1)
r2
r2−1 (r + 1)−
r
r−1 .
Let R > 0, we take ϕ (s) = (R+ αs)β+1 where
α =
rkr (r + 1) + δ
1
r
0
krδ
1
r
0 (r + 1) (r − τ1)
,
and
k = (1 + λ) (r + 1) δ0.
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Finally, let ψ ∈ C∞c
(
R
d
)
such that 0 ≤ ψ ≤ 1 and
ψ (x) =
{
1 for |x| ≤ L
0 for |x| ≥ 2L .
From proposition 2 we deduce the following result.
Proposition 5. We assume that Hyp A holds and (ω,T ) geometrically controls Ω. Let
δ > 0, R,R0 > L and −1 < β ≤ 0. There exists CT,δ = C (T, δ,R0, R, α, β) > 0, such that
the following inequality∫ t+T
t
∫
Ω∩BR0
(R+ αs)β
(
|u|2 + |∇u|2 + |∂tu|2
)
dxds
≤ CT,δ
∫ t+T
t
∫
Ω
a (x) (R+ αs)β
(
|∂tu|2 + |∂tu|2r
)
dxds
+CT,δ
∫ t+T
t
∫
Ω
a (x) (R+ αs)β−2 |u|2 dxds
+δ
∫ t+T
t
∫
Ω
(R+ αs)β
(
|∇u|2 + |∂tu|2
)
dxds,
(5.1)
holds for every t ≥ 0 and for all u solution of (1.1) with initial data (u0, u1) in H10 (Ω) ∩
H2 (Ω)×H10 (Ω) .
As in the proof of theorem we need to define and to show an estimate for an auxiliary
function X (t) .
Lemma 4. Let u be a solution of (1.1) with initial data in H10 (Ω) ∩H2 (Ω) ×H10 (Ω) such
that. We set χ = 1− ψ and
X (t) =
∫
Ω
(R+ αt)β χ2 (x)u (t) ∂tu (t) dx+
k1
2
∫
Ω
(R+ αt)β−1 a (x) |u (t)|2 dx
+
∫
Ω
a (x) (R+ αt)β−r+1 |u (t)|r+1 dx+ k2
∫
Ω
(R+ αt)β+1
(
|∇u|2 + |∂tu|2
)
dx,
(5.2)
where k1. Then
X (t+ T )−X (t) + 2−kα(1+β)2
∫ t+T
t
∫
Ω
(R+ αs)β
(
|∇u|2 + |∂tu|2
)
dxds
+
(
k1α(1−β)
4 − β
2α2
ǫ0ǫ
)∫ t+T
t
∫
Ω
a (x) (R+ αs)β−2 |u (t)|2 dxds
+λδ0
∫ t+T
t
∫
Ω
a (x) (R+ αs)β+1 |∂tu|r+1 dxds
≤ (3 + ∥∥∇χ2∥∥
∞
) ∫ t+T
t
∫
Ω∩B2L
(R+ αs)β
(
|u|2 + |∇u|2 + |∂tu|2
)
dxds
+
(
2
ǫ0
+ 8k1α(1−β) +
8β2α
ǫ20k1(1−β)
) ∫ t+T
t
∫
Ω
a (x) (R+ αs)β |∂tu|2 dxds,
(5.3)
for all t ≥ 0 and any λ > 0.
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Proof. For the proof we have to argue as in the proof of Lemma 3 and to use the fact that
Eϕ (u) (t+ T ) +
∫ t+T
t
∫
Ω
a (x) (R+ αs)β+1 |∂tu|r+1 dxds
≤ Eϕ (u) (t) + (β+1)α2
∫ t+T
t
∫
Ω
(R+ αs)β
(
|∇u|2 + |∂tu|2
)
dxds.

5.2. Proof of Theorem 3. For the proof we have to proceed as in the proof of theorem 2
and to use the finite speed propagation property and the fact that the support of the initial
data is contained in BR to show that∫ ∞
0
(R+ αs)β
∫
Ω
a (x) |∂tu|2r dxds ≤ Cǫ−
p−2r
r−1 ‖a‖L∞
(
‖u0‖2H2 + ‖u1‖2H1 + ‖u1‖2rH1
)
+ ǫ(p−2r)p−r−1
∫ ∞
0
∫
Ω
a (x) (R+ αs)β+1 |∂tu|r+1 dxds,
and∫ ∞
0
(R+ αs)β
∫
Ω
a (x) |∂tu|2 dxds ≤ Cǫ−
2
r−1 + 2ǫr+1
∫ ∞
0
(R+ αs)β+1
∫
Ω
a (x) |∂tu|r+1 dxds,
for some positive constant C and for all ǫ > 0.
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